For an analytic function p satisfying p(0) = 1, we obtain sharp estimates on β such that the first order differential subordination
Introduction
Let A be the class of analytic functions f in the open unit disk D := {z ∈ C : |z| < 1} and normalized by the conditions f (0) = 0 and f ′ (0) = 1. Let S be the class of univalent functions in A. The function f ∈ A is said to be subordinate to the function g ∈ A, written as f (z) ≺ g(z), if there is an analytic function w : D → D with w(0) = 0 satisfying f (z) = g(w(z)). Ma and Minda [17] studied distortion, growth, covering and coefficient estimates for starlike and convex functions for which either of the quantity zf ′ (z)/f (z) or 1 + zf ′′ (z)/f ′ (z) is subordinate to a univalent superordinate function. For this purpose, they considered an analytic function φ with positive real part in the unit disk D and normalized by φ(0) = 1 and φ ′ (0) > 0. The class of Ma-Minda starlike functions consists of functions f ∈ A satisfying the subordination zf ′ (z)/f (z) ≺ φ(z) and is denoted by S * (φ). The convolution properties of functions in a general class S * g (φ) of all f ∈ A satisfying z(f (z) * g(z)) ′ /(f (z) * g(z)) ≺ φ(z), where φ is a convex function, g is a fixed function in A, and * is the Hadamard product, was studied by Shanmugam [27] . On taking g(z) = z/(1 − z), the subclass S * g (φ) reduces to class S * (φ). For special choices of φ, the class S * (φ) reduces to well known subclasses of starlike functions. For example S * L := S * ( √ 1 + z) is the subclass of S * introduced by Sokól and Stankiewicz [29] consisting of functions f ∈ A such that for each z ∈ D, w = zf ′ (z)/f (z) lies in the region bounded by right half of the lemniscate of Bernoulli given by |w 2 − 1| < 1. On taking φ(z) := (1 + Az)/(1 + Bz), (−1 ≤ B < A ≤ 1), the class S * (φ) reduces to S * [A, B] introduced by Janowski [13] and for φ(z) = φ c (z) := 1 + 4z/3 + 2z 2 /3, S * (φ) reduces to the class S * c associated with cardiod, introduced and studied by Sharma et al. [28] . The class S * e = S * (e z ) introduced by Mendiratta et al. [20] consists of f ∈ A satisfying the condition | log zf ′ (z)/f (z)| < 1. Recently, Kumar and Ravichandran [15] , introduced and studied the geometric properties of the class S * R = S * (φ 0 ) associated with the rational function φ 0 (z) := 1 + z k k + z k − z , (k = √ 2 + 1).
(1.1)
Further Cho et al. [8] discussed the various radius and coefficient estimates of the function f in the class S * s = S * (φ s ) where φ s (z) := 1 + sin z. More details regarding these classes can be found in [4, 6, 9, 11, 23, 25] .
In [24] , authors consider certain subclasses of starlike and convex functions of complex order, giving necessary and sufficient conditions for functions to belong to these classes. By making use of subordination, Tuneski [30] introduced an interesting criteria for analytic functions to be in the class of Janowski starlike functions and studied a linear combination of starlike functions. A Carathéodory function p : D → C is of the form p(z) = 1 + c 1 z + c 2 z + · · · with Re(p(z)) > 0. These functions are analytic in D and maps D into the right half plane. The function p(z) = (1+z)/(1−z) is a leading example of function with positive real part and maps D onto the right-half plane. Ali et al. [3] determined conditions on β for which
In 2013, authors [14] obtained the bound on β with
These results are not sharp. Recently Kumar and Ravichandran [16] obtained sharp estimates on β for which the subordination 1 + βzp
. They further used these results to obtain sufficient conditions for f ∈ A to be in certain subclasses of starlike functions. For more details, see [1, 7, 10, 18, 22] .
Motivated by above work, we consider the subordination inclusions in which we determine the sharp bound on parameter β so that a given differential subordination implication holds. In the second section, we obtain estimates on β for which the differential
and φ s (z) by using the theory of hypergeometric functions. Third section provides conditions on β so that the subordination 1 + βzp
In the next section, we obtain estimates on β so that
In this sequel, we also obtain sharp estimates on β so that the
In the last section, conditions on β are obtained so that the subordination 1 + βzp
The estimates obtained on β are sharp and improved upon the earlier some known estimates. Further, several sufficient conditions are obtained for f ∈ A to be in certain well known subclasses of starlike functions as an application of these subordination results.
Subordination and hypergeometric functions
In the first result of this section, we consider the differential subordination p(z) + βzp ′ (z) ≺ e z and obtain estimates on β so that p(z) ≺ e z , √ 1 + z, φ s (z) = 1 + sin z, φ 0 (z) where φ 0 (z) is given by (1.1). Before stating the theorem, we recall definition and few properties of confluent hypergeometric function that are used in the proof of the next theorem. The confluent (or Kummer) hypergeometric function Φ(a, c; z) is given by the convergent power series
where a and c are complex numbers with c ̸ = 0, −1, −2, . . . . The function Φ is analytic in C and satisfies the Kummer's differential equation
Also cΦ ′ (a, c; z) = aϕ(a + 1, c + 1; z) and the following integral representation of Φ [19, p. 5] given by
is well known, where
dt is a probability measure on 
Then the following are true:
where β s is the unique root of
The bounds on β are sharp.
In order to prove this result, we need the following lemma due to Miller 
then p ≺ q, and q is the best dominant.
Proof of Theorem 2.1. Consider the following first order linear differential equation
Its solution q = q β is given by
Using the integral representation given in (2.2), we see that q β (z) reduces to the confluent hypergeometric function given by Φ( 
Here a = 1/β + 1 and c = 1/β + 2. For β ≥ 1/3, 1/β + 1 > 1/β + 1/2 and for 1/β ≤ 1/3,
Since Q is starlike and β is positive, the function h :
Hence by making use of Lemma 2.2, we see that the subordination
Fortunately, this condition becomes sufficient also for appropriate values of β as can be seen by plotting the graphs of respective functions.
(a) For P(z) = e z , the inequalities e −1 ≤ q β (−1) and q β (1) ≤ e reduces to
We note that lim β↘0 f (β) = lim β↘0 g(β) = 0 and both f ′ (β) and g ′ (β) are strictly positive for every β ∈ (0, ∞). Hence both f and g are increasing functions. Thus both inequalities are true for any β > 0.
Here
We note that lim β↘0 f (β) ≃ −0.460548 < 0, lim β↗∞ f (β) = 0.171573 > 0 and
Hence the function f is strictly increasing. Let β 0 ≃ 3.51 be the unique root of
Hence the function g is also strictly increasing. Let β 1 ≃ 0.54 be the unique root
Remark 2.3. As a consequence of the previous theorem, let the function f ∈ A satisfies the following subordination
, and f ∈ S * R for β ≥ 3.51. The next theorem uses the properties of Gaussian hypergeometric function. We recall that the Gaussian hypergeometric function 2 F 1 (a, b, c; z) is given by the convergent power series 
Using the Pochhammer symbol, we can rewrite F as
Following result of Hästö et al. [12] will be used in proving the next theorem.
Theorem 2.4. Let a, b and c be nonzero real numbers such that
F (a, b, c; z) has no zeros in D. Then zF (a, b, c; z) is starlike if (1) c ≥ max{1 + a + b − ab, 2 + 2ab − (a + b)} and (2) (c − 1)(c − 2) ≥ a 2 + b 2 − ab − a − b.
Theorem 2.5. Let p be an analytic function in D with
p(0) = 1. Let the subordination p(z) + βzp ′ (z) ≺ √ 1 + z, β > 0
holds. Let χ(β) denotes the infinite series given by
.
Estimates on β are sharp.
Proof. Consider the linear differential equation
Using integral representation of Gauss hypergeometric function given in equation (2.3), we see that q β (z) = F (−1/2, 1/β, 1/β + 1; −z). Clearly q β (z), is analytic in D. As defined in previous theorem, let φ(w) := β and θ(w) := w, w ∈ C. Then 
as Q is starlike and β is positive. Thus, by making use of Lemma 2.2, the subordination
The required subordination p(z) ≺ P(z) for different choices of P holds if q β (z) ≺ P(z), and the subordination q β (z) ≺ P(z) holds, then
Fortunately, this condition becomes sufficient also for appropriate values of β. Before finding the values of β, we note that
(a) Let P(z) = e z . Then the inequalities e −1 ≤ q β (−1) and q β (1) ≤ e reduce to
Note that lim β↘0 f (β) = −0.158529 < 0 and lim β↗∞ f (β) = sin 1 > 0. The other inequality q β (1) ≤ 1 + sin 1 gives
which is true for all β > 0.
Remark 2.6. Let the function f ∈ A satisfies the following subordination
Then f ∈ S * e for β ≥ 0.198099, f ∈ S * s for β ≥ 0.0327862, f ∈ S * R for β ≥ 2.71131 and f ∈ S * c for β ≥ 0.158374. 
then the following are true: 
The required subordination p(z) ≺ P(z) for different choices of P holds if q β (z) ≺ P(z), and if the subordination q β (z) ≺ P(z) holds , then
This condition becomes sufficient also for appropriate values of β as can be seen by plotting the graphs of respective functions. We note that
Remark 2.8. Replacing the function p by zf ′ /f in Theorem 2.7, sufficient conditions can be derived for f ∈ A to be in the subclasses of starlike functions S * e , S * s , S * R and S * c .
Subordination associated with rational function
In this section, we consider the subordination
and obtain sharp estimates on β for which p(z) ≺ φ 0 (z), φ s (z) = 1 + sin z, √ 1 + z, where φ 0 is given by (1.1).
Theorem 3.1. Let p be the analytic function in D with p(0) = 1 and satisfies the subor-
Proof. The function
is a solution of differential equation 1 + βzq ′ (z) = φ 0 (z). Clearly, the function q β is analytic in D. Define φ(w) := β and θ(w) := 1, w ∈ C. We define a function Q on D as 
The required subordination p(z) ≺ P(z) for different choices of P holds if q β (z) ≺ P(z). And the subordination q β (z) ≺ P(z) holds if and only if P(−1) ≤ q β (−1) ≤ q β (1) ≤ P(1) as it is clear from the graph of respective functions.
(a) For P(z) = φ 0 (z), the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to β ≥ (k + 1)(−1 + 2k log(1 + 1/k))/(k − 1) ≃ 1.62574 = β 1 and β ≥ (1 − k)(1 + 2k log(1 − 1/k))/(k+1) ≃ 0.655386 = β 2 respectively. Hence the required subordination p(z) ≺ φ 0 (z) holds if β ≥ max{β 1 , β 2 } = β 1 .
(b) For P(z) = φ s (z), the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to 1 − sin 1 ≤ q β (−1) and q β (1) ≤ 1 + sin 1. These inequalities give β ≥ (−1 + 2k log(1 + 1/k))/k sin 1 ≃ 0.331483 = β 1 and β ≥ −(1 + 2k log(1 − 1/k))/k sin 1 ≃ 0.778858 = β 2 . Hence the required subordination p(z) ≺ 1 + sin z holds if β ≥ max{β 1 , β 2 } = β 2 .
(c) For P(z) = √ 1 + z, the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to q β (−1) ≥ 0 and q β (1) ≤ √ 2 respectively, which on further calculations give β ≥ (−1 + 2k log(1 + 1/k))/k ≃ 0.278934 = β 1 and β ≥ −(1 + 2k
Remark 3.2. We note that |(k
Using this fact and Theorem 3.1, we obtain the following sufficient conditions for f ∈ A to be in various subclasses of S * .
(a) If
Proof. The function
Hence, by making use of Lemma 2.2, the subordination
The required subordination p(z) ≺ P(z) for different choices of P holds if q β (z) ≺ P(z), and the subordination q β (z) ≺ P(z) holds if and only if P(−1) ≤ q β (−1) ≤ q β (1) ≤ P(1) as it is clear from the graph of respective functions.
(a) For P(z) = φ 0 (z), the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to β ≥ −(−1 + 2k log(1 + 1/k))/k log((k 2 + 1)/(k 2 + k)) ≃ 1.4819 = β 1 and β ≥ −(1 + 2k log(1 − 1/k))/k log (k 2 + 1)/(k 2 − k) ≃ 0.945523 = β 2 respectively. Hence the required subordination p(z) ≺ φ 0 (z) holds if β ≥ max{β 1 , β 2 } = β 1 .
(b) For P(z) = φ s (z), the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to 1 − sin 1 ≤ q β (−1) and q β (1) ≤ 1 + sin 1. These inequalities give β ≥ −(−1 + 2k log(1 + 1/k))/k(log(1 − sin 1) ≃ 0.151445 = β 1 and β ≥ −(1 + 2k log(1 − 1/k))/k log(1 + sin 1) ≃ 1.07341 = β 2 . Hence the required subordination p(z) ≺ 1 + sin z holds if
(c) For P(z) = √ 1 + z, the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to q β (−1) ≥ 0 and q β (1) ≤ √ 2. The inequality q β (−1) ≥ 0 is true for all β and the inequality
Remark 3.4.
As done in Remark 3.2, we have the following sufficient conditions for f ∈ A to be in various subclasses of starlike functions.
Theorem 3.5. Let p be an analytic function in D with
Proof. The function
is a solution of differential equation
Clearly q β is analytic in D. Define φ(w) := β/w 2 and θ(w) :
(a) For P(z) = φ 0 (z), the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to
, the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to 1 − sin 1 ≤ q β (−1) and q β (1) ≤ 1 + sin 1. These inequalities give β ≥ (1 − sin 1)(−1 + 2k log(1+1/k))/k sin 1 ≃ 0.0525497 = β 1 and β ≥ −(1+sin 1)(1+2k log(1−1/k))/k sin 1 ≃ 1.43424 = β 2 . Hence the required subordination p(z) ≺ 1+sin z holds if β ≥ max{β 1 , β 2 } = β 2 .
(c) For P(z) = √ 1 + z, the inequalities P(−1) ≤ q β (−1) and q β (1) ≤ P(1) reduce to q β (−1) ≥ 0 and q β (1) ≤ √ 2 respectively, which on further calculations give
Remark 3.6. Replacing the function p by zf ′ /f in Theorem 3.5, sufficient conditions can be derived for f ∈ A to be in various subclasses of starlike functions as done in Remark 3.2.
Subordination associated with cardioid
and obtain sharp estimates on β for which 
The results are sharp. 
The required subordination p ≺ P holds for different P if q β ≺ P, and the subordination q β ≺ P holds if and only if P(−1) ≤ q β (−1) ≤ q β (1) ≤ P(1) as it is clear from the graph of respective functions.
(a) For P(z) = e z , the inequalities q β (−1) ≥ 1/e and q β (1) ≤ e reduce to β ≥ e/(e − 1) and β ≥ 5/3(e − 1) respectively. Therefore the subordination q β (z) ≺ e z holds if β ≥ max{e/(e − 1), 5/3(e − 1)} = e/(e − 1). (d) For P(z) = √ 1 + z, the inequalities 0 ≤ q β (−1) and q β (1) ≤ √ 2 give β ≥ 1 and 
, and
Theorem 4.3. Let p be an analytic function in D with
Clearly q β is analytic in D and is a solution of differential equation
Define φ(w) := β/w and θ(w) := 1, w ∈ C. Then the function
Hence, by making use of Lemma 2.2, the subordination 1 +
The required subordination p(z) ≺ P(z) holds for different choices of P if q β (z) ≺ P(z). And the subordination q β (z) ≺ P(z) holds if and only if P(−1) ≤ q β (−1) ≤ q β (1) ≤ P(1) as it is clear from the graph of respective functions.
(a) For P(z) = e z , the inequalities q β (−1) ≥ 1/e and q β (1) ≤ e reduce to β ≥ 1 and β ≥ 5/3 respectively. Therefore the subordination q β (z) ≺ e z holds if β ≥ max{1, 5/3} = 5/3.
(c) For P(z) = φ s (z) = 1 + sin z, the inequalities 1 − sin 1 ≤ q β (−1) and q β (1) ≤ 1 + sin 1 give β ≥ (log(1/(1 − sin 1))) −1 ≃ 0.542942 and β ≥ 5/3(log(1 + sin 1)) ≃ 2.72971. Hence p(z) ≺ φ s (z) if β ≥ 5/3(log(1 + sin 1)).
(d) For P(z) = √ 1 + z, then the inequality 0 ≤ q β (−1) is true for all β and the inequality 
Theorem 4.5. Let p be an analytic function in D with
The required subordination p(z) ≺ P(z) holds for different choices of P if q β (z) ≺ P(z), and the subordination q β (z) ≺ P(z) holds if and only if P(−1) ≤ q β (−1) ≤ q β (1) ≤ P(1) as it is clear from the graph of respective functions.
(a) For P(z) = e z , the inequalities q β (−1) ≥ 1/e and q β (1) ≤ e reduce to β ≥ 1/(e − 1) and β ≥ 5e/3(e − 1) respectively. Therefore the subordination q β (z) ≺ e z holds if β ≥ max{1/(e − 1), 5e/3(e − 1)} = 5e/3(e − 1). 
Then f ∈ S * e for β ≥ 5e/3(e − 1), f ∈ S * R for β ≥ 2(1 + √ 2), f ∈ S * s for β ≥ 5(1 + sin 1)/3 sin 1, f ∈ S * L for β ≥ 5 
Subordination associated with sine function
In this section, we consider the subordination 
